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w%m_^"©D_*zomo_« vt lrj_^kKt\rxm¨ZwX©x_awtjit_*u xZj¦rDs\zku t
S ?Çu;§ _x§ Γ(vt) ∩ S = ∅ AQmZ\_*t vt u k¨wx\l_p·mr S §
 tVmoZ_®rxzomoZq*rx]ut"\u kqskkourDt
m
uvkwµ\«l_^²rTknumou ©x_u tTmo_*D_*zp§ ¬_m
Xt
\_*t\rxmo_7moZ\_·kou *_r.moZ\_
\rx]utw%mou t\kn_*m S q*rx]\slm_^¦ji =£ xrDzoumoZ\] Ce¦N_®rDzo_ vt uvkcwxl_^mor7moZ_qs\zzo_^tTm.Dzwx\Zwxt£ _m
µt = E (Xt)
§[_\rDzxzw\ZkKx_^t\_*zw%m_^Vwxq*q*rxzlu t\·mrmZ\_
GR,mt
]rj\_*£=¡¢moZ\_\zrx¦w¦\u £um}i"moZw%m
vt]uvkoko_^k.mZ\_lrD]7u twmou t\-kn_*muvk
(1 − Xtt )m
§]U_*tq_._)q^wtczoumo_
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µt+1 = µt + E [(1 − Xtt )m]
§
?_m
x = x(m)
¦N_mZ\_(st\uTs\_7knrD£s\mou rxt~rxmZ\_7_Tsw%murDt
x = (1 − x)m u t (0, 1) §¨Yw¦\£ _7Du©D_^kmZ\_©%w£ s\_^krx
x
®rDzmoZ\_)µzknm®_*¯©Xwx£s_^kr
m
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t > 0
 |µt − xt| ≤ Ctρ
  ^ 
  ½¬½	  °²_q£vwu ]/mZw%mcmZ\_luN_^zo_^tq_ |µt − xt| kw%mu knµ_^kcw7z_^q*s\zoz_*tq_ermoZ\_)®rDzo]
|µt+1 − x(t+ 1)| ≤ |µt − xt| +O
(
√
log t
t
) §
YZu kBq*wt-¦N_\zr%©x_p7¦Tiautlsq¤murDt·rxt
t
§.i7\_µt\umou rxt
X1 = 1
¡TZ\_*tq*_ |µ1 −x| = 1−x §°V_Kw£vknrZwX©x_ |µt+1 −x(t+1)| = |µt −xt+E [(1− Xtt )m]− (1−x)m|
§GYZ\_Klu9_*z_*tq*_
E [(1− Xtt )m]−
(1−x)m q*wt-¦N_¨z_*czumnmo_^t·wxk −mt (µt −xt)+ {E [(1− Xtt )m]− 1+mµtt − (1−x)m +1−mx}
§
U¨_*tq*_
|µt+1 − x(t + 1)| = |(1 − mt )(µt − xt) + {E [(1 − Xtt )m] − 1 +m
µt
t − (1 − x)m + 1 −mx}|
§
Y r-qrD]7£_*mo_emoZ\_zorjrt\rmu q*_)moZwm^¡\¦ji ?_*]]-w Cx¡
E [(1 − Xtt )m] − 1 +m
µt
t = (1 −
µt
t )
m − 1 +mµtt +O(
√
log t
t )
§
wxt mZ\_~®s\tq¤mou rxt
f(z) = (1 − z)m − 1 + mz kowmouvk}µ_pk |f(z1) − f(z2)| ≤ m|z1 − z2| ¡c®rxz
z1, z2 ∈ [0, 1]
§
2
Yw¦\£ _Q!s]7_^zouvq*wx£¢©%w£ s\_^k\_µt\_pu t¬_^]7]-w·\§
m xC § 
 § 5RbD
5 § 5HC 
X §  D
 § KXT4C
 § DCp
 § xN5T
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Ts\_*tq*_·r ?_*]]-w~wxt²moZ\_qrDtq_^tDmzwmou rxtz_^kos\£­m
]_^tDmurDt\_^u tmZ\_\z_*©ju rxskko_^q¤murDt¬§
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Xt ∼ xt
  ^ 
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=¨£­mZ\rxsxZ[=£ xrxzumoZ\] Ccuvk!Ts\umo_kou]\£ _x¡um{ko_*_*]-kQ\u E·qs£­mGmre¦N_^wm^¡TwxkGwex£vwtq*_cw%m
αRup
u t-Y wx¦\£ _*C
wxtaekoZ\r%k^§ YZ\uvku k_pknN_^q*u wx££ i)mozs\_.®rxz
m = 1
cZ\_^zo_.t\r)u ]7zor%©D_*]_*tTmq*rxs\£va¦_rx¦\mwu t\_p¢§V_rxz
£vwzx_^zQ©%w£ s\_^k{r
m
¡Tw(¦_*mnm_*z..wXiar¢µt\ut\7kn]-wx££Nlrx]u tw%mut\7kn_*mk{u kBrx¦lmwu t\_^¦jirlq*q^wxkourDtw£ £i
wx££ r%cu t\ ©x_^znmu q*_^kmr ¦_²lzrx\N_^ ®zrx] S §  mu kqrDtT©D_*t\u _*tTm-mr q£vwxkknu®i moZ\_V©x_*zomouvq_pk-u t moZ\_\rx]utw%mou t\kn_*mwxk24OH]?;kn_*m P ABwxt 1S2(^NM33N-^?Çko_m R A¤§QYZjsk S = P ∪R § ?_m Pt wt
Rt
\_*t\rxmo_emoZ\_kou *_^krxkosqZ"kn_*mkcwmcmou ]7_
t
?Çko_m
P1 = 0
wxt
R1 = 1
A¤§
(  ½ Ç    ._®rDzo_moZ\_¨µzknm.knmo_^·r¢mZ\_)w£ xrxzumoZ\]moZ\_Kxzw\Z·q*rxtkouvk}mkQr?waknu t\D£_©D_*zomo_*«
v0wxt R = {v0} §]=Émo_*z vt uvkcqz_^wmo_^wtq*rxt\t_^q¤m_^mor m t_*u xZj¦rDs\zk*¡ju Γ(vt) ∩ P 6= ∅ moZ\_^t vtuvk]r%©x_p-mor
V \ S §Bb¨mZ\_*zcu ko_ vt uvkcwxl_^mor R u­ Γ(vt) ∩R = ∅ ¡lrmoZ_*zcu ko_ vt uvkcwx\\_^mor Pwxtw£ £¢©x_*zomouvq_pkut
Γ(vt) ∩ R
wxzo_e]r%©x_^mor
V \ S §
YZ_e_*«l_pq¤mwmou rxtk
πt = E (Pt)
wt
ρt = E (Rt)
kw%mouvkn®iQ
πt+1 = πt + E [(1 − Ptt )m] −E [(1 − Ptt − Rtt )m],
ρt+1 = ρt + E [(1 − Rtt − Ptt )m] −mE [Rtt (1 − Ptt )m−1].
	 _µt\_
αRup
wDk
p+ r
¡cZ_*z_
p = p(m)
wt
r = r(m)
kowmouvk}®i
r = (1−p)
m−p
1+m(1−p)m−1 ,
p = (1 − p)m − (1 − p− r)m.
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t > 0
 |πt − pt| ≤ C1tρ
( |ρt − rt| ≤ C2tρ
  ^ 
  ½¬½	  YZ\_L\zrjrKuvk^¡._pkoko_*tTmu wx££ ix¡w²x_*t_*zw£ u kw%murDt remoZw%mrx ?_*]]-w l§ª°²_L\z_^ko_*tTm-moZ\_
wxzoDs\]_*tTmutLkorx]_l_mwu £ k.®rDz
πt
§]=.mcmoZ_ut\sq¤mu©D_)knmo_^JQ
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|πt+1 − p(t+1)| = |πt − pt+E [(1− Ptt )m]− (1− p)m−{E [(1− Ptt + Rtt )m]− (1− p− r)m}|
§
YZ_\zrTrx¢u kBqrx]\£ _m_^-¦jil_^q*rx]NrDkout\)mZ\_K\u 9_*z_*tq*_^k
E [(1− Ptt )m]− (1−p)m
wxt
E [(1−
Pt
t − Rtt )m] − (1 − p− r)m
u twzomk.mZw%m¨wxzo_)\zrxNrxzomou rxtwx£mr-_*umoZ\_^z
Pt − πt
rDz
πt − pt
§
YZ_ez_^kos\£m¨w¦Nrxslm
ρt
uvk\zr%©x_^knu ]u£vwz£ iw%Ém_*zct\rxmouvqu t\7moZwm
r
kw%mu knµ_^kcQ
r = (1 − p− r)m −mr(1 − p)m−1 §
2
?_m
X2t
l_*t\rxmo_BmoZ\_ckou^_BrxmZ\_.\rx]utw%mou t\)kn_*mz_ms\zt\_^(¦TiT=¨£Drxzu­mZ\] ¨cZ\_*t7zost(rxt7w¨zwtlrx]
Dzwx\Zzorlq_pkokstDmu£¬mou ]7_
t
§
 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X2t ∼ (p+ r)t
0  ^ 
  ½¬½	  YZ_*rxz_*]l§WCu ]7£u _^kmoZwmmoZ\_7kns]
p+ r
uvk¨w\§ w\§ k^§B©D_*ziq£ rDko_mr |S|
t =
Pt
t +
Rt
t
§YZ\_
z_^kos\£m®rx£ £r%k^§
2
YZ_e©%wx£s\_pkcr
p+ r
®rxz
m ≤ 7 wz_Kz_*Nrxzomo_pu tmoZ\_q*rx£ s\]t£vw¦N_*£ £_p αRup
rGY wx¦\£_[CD§
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=¨£Drxzu­mZ\] Cx¡el_^kqzu ¦_pªu t¯gj_pq¤mou rxt 5\¡)q*wxtª¦_ wxtw£ ilkn_p ut±moZ_²q*rxji ]7rll_^£wxkB_^££=§ YZ\_
_*«l_pq¤mo_pqZwxt\x_KutmoZ\_e©%wzu wx¦\£ _
Xt
q*wxt¦N_eq*rx]\slm_^·¦ji-¶D_*_*ut\(mozwxq¶7r¬mZ\_emorxmw£9l_^xz_*_¨rx
mZ\_lrD]7u twmou t\-kn_*m^¡
Dt
§  twzomouvqs\£vwz.moZ_)®rx£ £r%cu t\zo_^£ wmou rxtkoZ\u k.Z\rx£v
E (Xt+1) = E (Xt) + E [(1 − Dt2mt )m],
E (Dt+1) = (1 +
1
2t )E (Dt) +mE [(1 − Dt2mt )m].
¨rmGknszo\zuvknu t\x£ iwt7wtwx£ilkou kknu ]u£vwzmr¨mZ\_rxt\_l_^kqzu ¦_pu t(mZ\_\zo_^©jurDsk ko_^qmou rxtku ]\£u _^kmZw%m
kosqZLw£ xrDzoumoZ]zo_*mos\ztkclrD]utwmou t\·ko_mkrGknu *_
xt
u t
GC,mt
§ Ur%._*©x_^z^¡ju t"moZ\_aqrxji·]rll_^£¬B_
q^wt-u ]\zor%©D_rxtmoZu kB¦jia\sknZ\u t\ZuDZ·l_*Dzo_^_c©x_*zomouvq_pkGu t-moZ\_Klrx]u tw%mut\akn_*m^§GYZ\_twmos\zw£.wXi
mrewDq*q*rx]\£ u koZmZ\u k.rxs£ (¦_D¡®rxzGwxtTit_*c£ ix_*t_*zw%mo_ps\tqr%©x_^zo_p©x_^znm_«¢¡Xmor)ko_*£ _^q¤mQwKt\_*u xZj¦Nrxs\z
rx{]-w%«lu ](s\]'l_^xz_*_7wt~wD\~um)mor S §¨tl®rxzomos\tw%mo_^£i~kosqZwx£Drxzu­mZ\]u ket\rxme_pwxkoimor"wtwx£ilko_¦N_^q^wsko_7utVmoZ\_-Dzwx\Zzorlq_pkoko_^k¨moZw%mB_-q*rxtkou \_*zKmoZ\_^zo_]-wXiL¦_®_^ ©D_*zomouvq_^kerxBzw%moZ_*ze£ wxzoD_
\_*xz_*_ ?®moZ\uvkGuvkQwqrDtkn_ Ts\_*tq*_rNmoZ\_cNr%B_^zG£ wX luvk}mzou ¦\slmurDt7rxN©D_*zomo_*«al_*Dzo_^_^k0: 5\¡Nb;A§ U¨r%B_^©x_^z
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w)lzwxq*rxt\uvwta©x_^zkourDt(rxmZ\u kQZ\_*s\zuvk}mu qq*wxt¦_wxtw£ ilkn_p¢§ YZ\_.®rD££ r%cut)wx£Drxzu­mZ\] mwx¶x_pkGwxku t\\slm
wxtwD\lumou rxtwx£¢utTm_*x_^zcwzw]_*mo_*z
k > 0
§
(  ½ Ç    B_*®rxz_emoZ\_µzknm¨k}m_*"rmoZ_(w£ xrDzoumoZ\]moZ\_Dzwx\Z"qrxtknuvk}mkcrGw-kout\D£_uvkorx£vw%mo_p
©D_*zomo_*«
v0
wxt S = {v0} §V=Émo_^z vt uvkBq*zo_pw%mo_p-wt-q*rxt\t_^q¤m_^7mr m t_*u xZj¦rDs\zk*¡D£_*m Z ¦N_mZ\_Kko_mrxwx££¢t_*u xZj¦rDs\zkr
vt
u t
V \ S rGl_*Dzo_^_ km+ 1 §   Z 6= ∅ mZ\_*t~wx££¢©D_*zomouvq_^ku t Z wz_wx\l_pmr S §~b¨moZ\_^zocuvkn_u vt uvkt\rxm(lrx]u tw%m_^¦jiVkorx]__*£ _*]_*tTm(rx S mZ\_*t w"©D_*zomo_*«r]-w%«lu]as\]\_*xz_*_eu t
Γ(vt)
uvkcwx\\_^mor7moZ_lrx]u tw%mut\-ko_mp§
¨rmu q*_KmZw%mwÉmo_*z_pwxqZ
vt
u kD_*t\_^zwmo_^wtqrDt\t\_^qmo_p·mr
GC,mt−1
¡\w£ £N©D_*zomouvq_pkBcZrDko_el_^xz_*_eZwxk
¦N_^q*rx]_£ wxzoD_*zemoZwt
km
wz_]7r%©D_^utkouvl_ S §YZ\_-wxtw£ ilknuvk)rBmoZ\_-_^©xrx£ slmurDtVrx |S| uvk¦wDkn_pwxDwxut"rxt~moZ\_7l_µtu­murDt~rQw·zwtlrx]³\zorlq*_^kkcmoZw%me\_^kqzu¦N_^kmoZ\_7w£ xrxzumoZ\]lijtw]uvq*kKwt"rDt
mZ\_\zrjr?mZw%m¨kosqZ\zrjq*_^kk.¦_^ZwX©x_pkBu tLw7\zo_pluvq¤mwx¦\£ _.wXi®rDzc£ wxzoD_
t
§
?_m
n = (k− 1)m+ 1 §V_rxz._^wDqZ i ∈ {0, . . . , n− 1} wt t > 0 ¡jl_µt\_ Y it = |Vm+i \ S|
u t
GC,mt−1?
Vi
u kGmoZ\_¨ko_mBr9©x_*zomouvq_pkGr¢l_^xz_*_
i
A¦_*®rxz_
vt
u kQwD\l_p7mor)moZ_xzw\Z?§?_m
Y nt
l_^t\rm_moZ\_mormw£
\_*xz_*_u tkou \_ S ?Çu;§ _x§ Y nt =
∑
v∈S |Γ(v)|
AKwt
Xt
mZ\_akou^_rmZ\_alrD]utwmou t\ko_me¦_*®rxz_
vt
u k
wD\l_p"mormoZ\_7xzwZ¬§eYZ_7knmwmo_(rxQmoZ_7koilk}m_*]"¡¢w%mK_pwxqZknmo_^
t
¡¢uvk¨]rll_^££ _^¦TimZ\_ ?ÇzwxtlrD]OA
©D_^qmorxz
(Y 0t , . . . , Y
n
t , Xt)
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w\Z·uvkrx¦\mwu t\_p·¦ji-skout\
u tl®rDzo]-w%murDtrDtmZ\_\zrxNrxzomou rxtwx£¢l_*Dzo_^_eko_Ts\_^tq_D§
_rxzkq*wx£_*¥;®z_*_7xzw\Zk .rD££ rx¦wDk'"a @:Ñ<;
?;kn_^_·`BrjrD_^zO: bK;Q®rxz)mZ\_-_Ts\u ©%w£ _*tTm\z_®_*z_*tTmu wx£wmn¥
mwxqZ\]_^tDmc]rll_*£A.\zr%©x_p-moZw%m |Vi| = tni +O(√t log t) w\§ w\§ k*§ ®rxzwxtTi i ≥ m ¡lcZ\_^zo_
ni =
2m(m+1)
i(i+1)(i+2)
§
YZ_(kowx]_wN_*zk?Ç_*§a:Ñ.;¬§KbNbA.xu ©x_pkczo_pkns£­mkc®rxz
GR,mt
§  t"mZ\_(swxzxzwZzorlq_pkok^¡l®rDzKwtji
i ≥ m ¡
ni =
1
m+1
(
m
m+1
)i−m §
=¨Dwxut umauvkNrDkknu ¦\£ _·mr~\zr%©x_moZw%m |Vi| u kaqrDtq_^tDmzwmo_p wzrxs\t nit § .rxs\t\k®rDz h > 1 wxzo_Du©D_*tutmoZ_)mw¦£_¦N_*£ r%§
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 tamoZ_q^wxko_{rxNlrD]7u twmou t\eko_mke?
h = 1
A B_q*wxt(µtaknmozrxtx_*z £r%._*z¦Nrxs\tk®rxzmoZ\_]u t\u]-wx£\knu *_
γ1
rx?wlrD]7u twmou t\ako_mp§YZ_Kwzxs]7_^tTm{u k{¦wxko_^·rxtmoZ_¨µzknm{]rx]_*tTmB]_*moZ\rl·¦ji7\zr%©Tu t\mZw%m
rxwx££ kn_*mkcrxwDu©D_*tLknu *_
s
¡\mZ\_(ko_mrx©D_*zomouvq_^k {1, ...., s} u kmZ\_]rDknm£ u¶D_*£ i·mor·\rx]utw%mo_D§ _rxz
m ≥ 2 moZ_£r%._*zc¦Nrxst\kKut~Yw¦\£ _OC(wxzo_)mZ\rDko__^knmwx¦\£ u koZ\_^u t"moZ\uvkK.wXiD§.YZ\_(\zorjrxÇkwz_xu ©x_^tu tgl_^q¤murDtk j§WCx§WCx¡ j§WCx§Ñ)¦_^£r% ®rDz{mZ\_eswzwt·\zo_*®_*z_*tTmouvw£9w%momwDqZ\]_*tTmB\zrlq_pkoko_^k{zo_pknN_^qmou ©x_*£ ix§
_rxz
m = 1
moZ\_)£ r%B_^z{¦Nrxs\t\k.ut"Y wx¦\£ _C)qrx]_¨®zorD]w(\z_^q*u ko_Kwxtw£ ilknuvkBr¢moZ_Kmzo_^_eknmozsqmos\z_¨rx
mZ\_xzwZ\zrlq_^kk  ®s\znmZ\_*z\_mwxu£?u kDu©D_*tut~gj_pq¤mou rxtBb\§
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f(x, y) : IR → IR  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d = d(m)
0RIi3B- 
f(m, d) = 1
]HMh 4D  ^  H"1
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( NK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GR,mt
 !*:9.[O<
dt

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H  H"  !
d
!"Hi33P!"" H !
m
1*N<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m = > ? @ A B C
d(m) D  >,BFEGH@ D  =IE6BJEI? D  =H@KEE= D  =J>6AJG6= D  ==IDF>LC D  DIGIECFB D  DJEGIE,B
  ½¬½	   t moZ\_\zrTrxB_wxkkns]7_moZwmamZ\_
t
©x_^znmu q*_^ku t
GR,mt
wxzo_£ wx¦_^££ _^
1, 2, . . . , t
§ YZ\_
wxzoDs\]_*tTmu kwDk.®rx£ £r%kcQ
?Çu A ?_m S∗ = [s] = {1, ..., s} ¡j£ _m |S| = s ¡\moZ\_^t
 
(S dom. S) ≤   (S∗ dom. S∗) §
?ÇuuA0_\rDz
s ≤ dt ¡\moZ\_^zo_uvkcw-qrDtk}mwtTm c < 1 knsqZmZw%mcmZ\__«lN_^qmo_^tjs\]a¦_^zcrGlrx]u tw%mut\-ko_mkrxkou^_
s
uvkw%mc]rDknm
(
t
s
)  
(S∗ dom. S∗) = O(ct) §
YZ_cµzk}m{]rD]7_^tTm{]_moZrju ]\£ u_pkQmZw%mBw§ w§ k^§ moZ\_^zo_uvkQtrlrx]u tw%mut\akn_*m S r¬kou^_¨w%mB]7rTk}m dt §
  ½¬½	{½	"M ON  °²_z_*Twz(mZ\_
m
rxslmo¥=_plx_pk
(e1, ..., em)
r¬wtjia©x_*zomo_*«wDkG£vw¦N_*£ £_p-wtrDzl_^zo_p
koremoZwm{w£ £
t
©D_*zomo_*«xzw\Zk
G
ZwX©x_.moZ_kowx]7_\zrx¦w¦\u £um}iu tamZ\_cswxzGxzw\Za\zorlq*_^kku_D§  
(G) =
1/((t− 1)!)m §D?QPG_*zomo_*« v0 ZwDk m £rjrDkhA§
+eu ©x_^tw·wzomoumou rxt
(S,S) r [t] cu­mZ |S| = s ¡9£ _m u ¦N_(mZ\_kn]-w£ £ _^knmK_*£ _*]_^tDm u = vi ∈ S knsqZmZw%m{moZ\_Kt\_«jm{©D_*zomo_«
v = vi+1 ∈ S
u t-mZ\_twmos\zw£rxzl_*zut
1, 2, . . . , t
§  
u
lrj_^kQt\rm{_*«lu knmQmoZ_*t
S = S∗ §
°²_ko.wx
u, v
mor-Du©D_¨mZ\_wzomoumou rxt
(S ′,S ′) cZ\_*z_ S ′ = S − v + u,S ′ = S − u+ v §G°V_\zr%©x_mZw%m
 
(S dom. S) ≤   (S ′ dom. S ′) §
ÿÕ¬ÿÉü
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°²_lrmZ\uvkK¦ji~koZ\r%cu t\-moZw%m)®rxze_*©D_*ziDzwx\Z
G ∈ {S dom. S} ®rxzecZ\uvqZ~moZ_kowl_pk}mzor%ilkmZ\_lrD]7u twxtq_)\zrxN_*zom}ix¡ju _x§
G 6∈ {S ′ dom. S ′} ? G uvkcxrjrl·¦slmxrj_^k¦wxrxtLknw\utAQmoZ\_^zo_uvkw~s\tuTs\_¦wx xzw\Z
H = H(G)
?
H 6∈ {S dom. S} AcZu qZ ¦_pqrx]_pk(DrTrl rDt ko.wx\\u t\?
H ∈ {S ′ dom. S ′} A¤§ YZjsk(moZ_"ko_mrKxrjrl xzw\Zk(uvk7r¨t\rDtl¥Øl_^q*zo_pwxkout\Vknu *_ ?Çwxt Z\_^tq_zorD¦w¦\u £ u­m}i4ABrxt"knw\ut§
d~rxz_{®rDzo]-w£ £ ix¡£ _m
G(t) = GR,mt
l_^t\rm_BmZ\_kowxq*_.rxswxzGxzw\Za\zrjq*_^kkn_pkw%Émo_^zmoZ\_
t
¥=moZ©x_^znm_«
Zwxk ¦_^_*tawD\l_p¢§?_m S ¦N_.moZ\_luvk}mut\Ds\uvknZ\_p(ko_mp§*¬_*m  ~l_*trmo_BmoZ_.kos\¦ko_mr G cZ\uvqZ(uvkxrjrl®rDzc¦rxmoZ S wt S ′ ?Çu_D§   = {G : S dom. S} ∩ {G : S ′ dom. S ′} A.wt"kou]u £ wxzo£ i  ,   ,  Q¡kor-mZw%m  u k¨moZ\_7kn_*m¨rQDzwx\ZkccZu qZwxzo_(xrjrl®rxz
S
¦slmetrm S ′ _*mq§KYZTsk   ,   ,   ,  uvkw(wzomoumou rxt·rx
G
§G°V_)l_µt\_O?®¦N_*£ r%$A{warxt\_*¥=rDt\_¨]-wx
φ : G → G kosqZ·mZw%m φ(   ) ⊆  .§  m®rD££ r%kBmoZwm
|{G : S dom. S}| = |    | + |   |
= |    | + |φ(   )|
≤ |    | + |   | = |{G : S ′ dom. S ′}|.
° umoZ korx]_wx¦\sko_rxKt\rxmwmou rxt¬¡Q._Lwxkknrlq*u wmo_rDslm
(x)
moZ\_Lko_Ts\_^tq_rerxslmo¥=_plx_pk(rxK©x_^znm_«
xcumoZmoZ\_a](s\£mou¥Økn_*merxGmo_*z]utw£©x_*zomouvq_pk*¡9wt~knu ]u£vwz£ i®rDzKu t
(x)
?®moZ\_ko_Ts\_*tq_(rx{u tl¥=_plx_pkrx
x
rDz\_*z_^·tw%moszwx££ i4A{cumoZmZ\_*u zu t\u­mu wx£¢©x_^znmu q*_^k^§
 ]K4)HM%I  !
φ
 ¬_*m
[t] = (1, 2, ..., u − 1, u, v, v + 1, ..., t) cZ\_*z_ u, v wz_ moZ_ ko.wxwu z^§Ï`Brxtkouvl_*z.moZ_eDzwx\Z
G
§
?_m
i(x) =
u t
(x) ∩ [v + 1, ..., n] wt o(x) = rDslm (x) = rxslm (x) ∩ [1, ..., v] §?_m
i′(u) = i(v), i′(v) = i(u)
§
 ]"4 41T  ( 3
(v, u)
 ?_m
o′(u) = o(v), o′(v) = o(u)
§
`BrDtknmozsq¤m
φ(G) = H(G)
®zrx]
G
¦jiz_*\£vwxq*ut
i(x), o(x)
¦Ti
i′(x), o′(x), x = u, v
§QYZ\_xzw\Z
H
uvkcs\t\u Ts\_*£ iwxkkorjq*u wmo_p·cumoZ
G
¡wxk.._q*wxtz_^q*rxtknmozsq¤m
G
®zorD]
H
§
 ]" 4K 411[3
(v, u)
?_mcmZ\_
(v, u)
_^lD_^k¦N_ {ek, k ∈ K} cZ\_*z_ K ut\_«l_^kmZ\_*u zrlq^qs\zzo_^tq_pk.ut
(e1, ..., em)
§ ¬_*m {fk} ¦N_)moZ\_)rDslmn¥´_^lD_^krx u cumoZmoZ\_kw]_)u tl_«kn_*m^§?_m
o′(u) = o(v) − {ek} + {fk}
¡\£ _m
o′(v) = o(u) + {ek} − {fk}
§
YZjsk
v
¶x_*_^kumkrxs\m_^lD_^k.mor
u
¡wt
u
¶x_^_*kumkrxslmc_^\x_^kcumoZmZ\_kowx]_e£vw¦N_*£vk^§
  moZ\_^zo_)uvkct\r
(v, u)
_^lD_)wxt
G ∈  mZ\_*t H .wDk¦wx¦\slmc¦N_^qrD]_^kxrjrl ?®u _x§ H ∈  §]_\rxzp¡u t
H
¡
u
?®t\r%u t~mZ\_a\rx]"§eko_mAZwxkcmZ\_
v
_plx_pkc®zrx]
G
¡¬wt
v
?Çt\r£ rxtx_*zKut~moZ\_lrx]"§)kn_*m3A
DrmmoZ_
u
_^lD_^k.®zrx]
G
§
 9mZ\_*z_uvkBw
(v, u)
_plx_Kwt
G ∈  Q¡DmoZ_*t u lrx]u tw%m_^k v w%Ém_*zQmZ\_¨ko.wx¬¡|}sk}mwxk v lrx]u tw%m_^
u
¦N_®rxz_x§aYZ\_au t_plx_pk¨ZwX©x_(¦N_*_^t²kow\N_^Lr%©D_*zKmor\z_^ko_*z©x_(wxtTiLlrD]utwxtq_7cZ\uvqZ
v
]-wxl_
Õ Õ
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cumoZmoZ\_^] ?®t\r%]-wDl_(¦ji
u
A§YZ\_a_plx_7kn_*m {fk} wxkKt\rmet\_^q*_^kkowxzoi®rxz G mor¦_7xrjrl¢¡¢wxk v\rx]utw%mo_p
u
wxt
u
\u at\rmQlrD]utwmo_cwtjij¦Nrj\ix§  
v
lrx]u tw%m_^7wtjij¦rlli(_*£vkn_.cu­mZ
o(v)−{ek}mZ\_*t
u
knmou ££ lrj_^kumcu­mZ
o′(u) = o(v) − {ek} + {fk}
§GYZjsk
H
u kxrjrl¢§
  ½¬½	c½	M  ON  ?_m
S∗ = [s]
§G°V_ZwX©D_¨mZw%m
 
(∃ \rx]utw%mou t\-ko_m S, |S| = s) ≤
(
t
s
)  
(S∗ dom. S∗).
?_m
s = dt
moZ_*t
(
t
s
)
≤
(
1
dd(1 − d)(1−d)
)t
,
wxt
 
(S∗ dom. S∗) = ∏t−1v=s
(
1 −
(
1 − sv
)m)
= exp
∑t−1
s log
(
1 −
(
1 − sv
)m)
= exp(1 + o(1))
∫ t
s+1 log
(
1 −
(
1 − sv
)m)
dv
= exp(1 + o(1)) dt
∫ 1
d x
−2 log (1− (1 − x)m) dx.
Y rrx¦lmwu t
(m, d)
wDkxu ©x_*t._)q*rx]\slm_)moZ\_£vwzx_pk}m
d
kosqZmZw%m
(
1
dd(1 − d)(1−d)
)
exp d
∫ 1
d
x−2 log (1 − (1 − x)m) dx < 1.
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d = d(m)
0RIi3B- 
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§ =¨k
α2uvkB]7u t\u ]-w£moZ\_^zo_Ku k.knrD]_¨_^\x_
e = (x, v) ∈ α2
kosqZmoZwm
v
uvkQmZ\_KrDt\£ ia©D_*zomo_«r
S
\rx]utw%mou t\
x
§YZjsk
α′2
](sk}mawx£ kor"ZwX©x_-wxtV_plx_
e′ = (x, v)
®rDz
v
mor~\rx]utw%mo_
x
§YZ\_-_^©x_^tDm
BII
mZw%m
(v, u)
_«lu knmkKwtmZw%m)luvk}mutqmKwxzwx££ _*£?_^lD_^k
e, e′
mor
v
wx£ kor-_«luvk}m¨Zwxk¦N_*_^t~_«\q*£s\_^®zrx]
A
¡
kor
α′2 = α2
§
°²_-t\_*«Tm\zr%©x_amoZw%mu
G(a1, a2) ∈ A
mZ\_*t
G(α1, α2) ∈ A
§'=Kk
G(a1, a2) ∈
  moZ_*z_7_*«lu knmk
w©x_^znm_«
x
s\t\u Ds_*£ i~lrx]u tw%m_^L¦ji
v
§(gjs\\NrDko_
x > v
knrmoZw%m
α2 6= ∅
wxtLmZw%m
a1
lrj_^ket\rm
u tq*£s\_wxt_^lD_(®zrx]
x
§'=£vknr
β2 = a2 − α2
lrj_^k)t\rxmutq*£sl_·wt²_^lD_7®zorD]
x
wxkemZ\_*z_-wz_
tr-wzw£ £_^£¬_^\x_^k^§BYZjskmoZ\_^zo_uvktr·_^lD_)®zorD]
x
ut
α1 = a1 + β2
¡kor
S′ = S − v + u q^wt\trm\rx]utw%mo_
x
wxt
G(α1, α2)
u k¦wD®rxz
S′
§
YZ_ez_^knmcrmoZ\_q*£ wxu]-k.®rD££ r%>u tLw7kou ]7u £vwzc]-wt\t_*zp§ _u tw£ £ i·B_q*£ wxu] moZwm
 
(G(α1, α2)) ≤
 
(φ(G(α1, α2))).
?;RA
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¨rm_moZw%m  
(φ(G(b1, b2))) =
 
(G(b2, b1))
wxkmoZ\_7rxslmo¥=_plx_aknwk¨r
u, v
wz_]_^wxkos\z_\z_¥
ko_*z©jut ?Çko_*_ ? C.A¡ ?=NA A§  mLw£vkor ®rx£ £r%k·®zorD] ? C.A¡ ?=NAmZw%m"umoZ\_^zo_Vu kt\r
(v, u)
_^\x_LmZ\_*t
 
(G(b1, b2)) =
 
(G(b2, b1))
§  moZ\_^zo_)uvkcw
(v, u)
_^lD_KmZ\_*t®zrx] ?)5RA¡g?XA¤¡J?;RA
 
(G(b1, b2)) = c(b1 + 1),
 
(G(b2, b1)) = c(b2 + 1).
=Kk
G(α1, α2) = {G(α1, α2), ..., G(α1 − I, α2 + I), ..., G(∅, α1 + α2)}
¡\B_)ZwX©D_
 
(G(α1, α2)) = c
α1
∑
j=0
(
α1
j
)
(j + 1)
= c
(
2α1 + α12
α1−1) ,
cZ_*z_^wxk
φ(G(α1, α2))
ZwDk?mZ\_kowx]7_B\zrx¦wx¦\u£ um}i)wDk {G(α2, α1), ..., G(α2+I, α1−I), ..., G(α1+
α2, ∅)}
¡\wtmoZjsk
 
(φ(G(α1, α2))) = c
α1
∑
j=0
(
α1
j
)
(α2 + α1 − j + 1)
= c
(
(α1 + α2 + 1)2
α1 − α12α1−1
)
.
YZjsk
 
(φ(G(α1, α2))) −
 
(G(α1, α2)) = cα22
α1 ≥ 0wDkzo_ Ts\uz_^¦ji ?ÇA¤§
_u tw£ £ i·B_e_«l\£vwu tmoZ\_)x_^t\_*zw£ u ^w%murDt·r?moZ\uvkc\zrjr¬mrkq*wx£_*¥;®z_*_Kxzw\ZkBrx?rxs\mn¥Øl_*Dzo_^_
m ≥ 2 §YZ_koq^w£ _¥=®zo_^_e]rll_^£¢moz_^wmk©x_^znm_«
x
wxkwko_Ts\_*tq_
(x(1), ..., x(m))
rxkos\¦l¥´©x_^znmu q*_^krxl_^xz_*_
Cewzu kou t\®zrx]
m
qrDtko_^qs\mou ©x_¨zu xZTmB_^tlNrxu tDmk.r?_plx_pk{u tmZ\_e£u t\_^wxzrxzl_*z
1, ..., 2mn
§¬_*mmoZ\_
(v, u)
_plx_cu t Ds_^knmou rxt¦_
ei = (v(i), u(j))
§°²_knw7moZ_c_^lD_^kGrx
v(i)
wt
u(j)
_«\q*_*lm
ei
wt
mZ\_qrDzoz_^koNrxtlu t\7rxslmo¥=_plx_
fj
r
u(j)
§{YZ_rmoZ_*z¨kos\¦l¥´©x_^znmu q*_^kcwz_)wu z_^qilq£ u q^w£ £i
v(i+ k)cumoZ
u(j + k)
®rxzkow\\u t\§
?_m
GS = {Gmt }
¦N_amoZ\_-kowxq*_(rkoq^w£ _¥=®zo_^_xzwZk¨rx{rxs\mn¥Øl_*Dzo_^_
m
§aYZ\_7kowDq_
GS
uvke©x_^zoi
q*£rTkn_¨mor(moZ\_)knwxq_Kr¬\z_®_^zo_^tTmouvw£9w%mnmwxqZ\]_^tDma?®\szo_eqrxji4AGzorlq_pkoko_^k
GC = {GC,mt }
l_^kqzu ¦_p
u t·mZ\uvkBwN_*zp§  t_*umoZ\_^zB]rll_^£;¡jrxtwx\\u­murDtr¢mZ\_erxslmo¥=_plx_pk
ej , j = 1, ...,m
rx?©x_^znm_«
vt
¡jmoZ\_
m_*z]utwx£9©x_*zomo_*«-®rxz.moZ_e_plx_
ej
uvkcqZ\rDko_*t·¦jiko_*£ _^qmou t\w(zwt\rx]/_*tj¥=Nrxu tTm.rxwazwxtlrD] _plx_
u t"wal_pknu xtw%mo_pko_mp§  tmoZ_)kq*wx£_*¥;®z_*_e]rll_*£¢w£ £¢_«luvk}muta_plx_pk.wxt·Zw£ _^\x_^kwxzo_eutq£ sl_^u t
mZ\_qZ\rxuvq_D§  t~mZ\_\zo_*®_*z_*tTmouvw£w%momwDqZ\]_*tTm[?Ç\s\z_7q*rxji4A]rll_^£rDt\£ iLrxslmo¥=_plx_pk¨rx{\z_*©jurDsko£i
wD\l_p©D_*zomouvq_^k
v1, ..., vt−1
wz_)utq*£sl_^¢§QYZjsku tmoZ\_kq*wx£_*¥;®z_*_e]rll_*£
 
(ej
qZrTrTkn_pkB®zorD]rxslm
(v1, ..., vt−1)) =
2m(t− 1)
2m(t− 1) + 2(j − 1) + 1 j = 1, ...,m.
YZjsk.u t·mZ\_koq^w£ _¥=®zo_^_¨]rll_*£NmoZ_)kos\¦ko_m
C
rx?\z_®_^zo_^tDmu wx£NwmnmwxqZ\]_*tTmxzw\Zk
GC
ZwxkB\zorD¦w%¥
¦u£ u­m}i
 
(C) ≥
t
∏
s=2
(
1 − 1
s− 1
)m
= Ω(t−m),
ÿÕ¬ÿÉü
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wxtq*rxt\u­murDtw£\zrx¦wx¦\u£ um}irx{xzwZk¨u t
C
u kKmZ\_7q*rxzzo_pq¤me]7_pwxkos\z_®rxz
GC
§YZ\__«luvk}m_*tTmouvw£
£ r%._*z¨¦Nrxst\k[?Çl_^zou ©x_p~¦N_*£ r%$Ac®rDzemoZ\_kn]-wx££ _^knm)\rx]utw%mou t\kn_*meu tmZ\_koq^w£ _¥=®zo_^_(]rll_*£ZwX©D_
zorD¦w¦\u £ u­m}i-rx mZ\_)®rxz]
 
(
mZ\_*z__«luvk}mkcwlrx]u tw%mut\-ko_m
S
rGknu *_ |S| ≤ dt) = O(ct),
®rDz
c < 1
qrDtknmwtTmp§°²_)qrxtq£ sl_mZ\_ezo_pkns\£mkwxzo_©%wx£uv-®rDzBmZ\_e\zo_*®_*z_*tTmouvw£Nw%momwxqZ]7_^tTm.]rll_*£=§
?_m
S∗ = [dt]
mZ\_*t
 
(S∗ dom. S∗) ≤
n
∏
v=dn+1
(
1−
(
1 −
\_*
(S∗, v − 1)
2m(v − 1)
)m)
,
wxtl_*
(S∗, v) = 2mdt(v/dt)1/2(1 + o(1))
w£ ]rDknmkns\z_*£ i-®rDz
d > 0
qrDtknmwtTmT?Çko_*_[:Ñ<;A¤§QYZjsk
 
(S∗ dom. S∗) = exp
t
∑
dt+1
log(1 − (1 − (dt/v)1/2(1 + o(1)))m).
?_m
x = (dt/v)1/2
§B`BZ\rjrDkou t\
d
knsqZmZw%m
1
dd(1 − d)1−d exp 2d
∫ 1
√
d
x−3 log(1 − (1 − x)m) dx < 1
Du©D_^kBmoZ_zo_ Dsuz_^£r%._*z¦Nrxs\t¢§PQw£ s\_^krx
(m, d)
wxzo_exu ©x_^tu tmoZ\_)mw¦\£ _x§
2
  # cc
_rxz
m = 1
mZ\_xzw\Z zorlq_pkoko_^k(s\tl_^z-qrxtknuvl_*zw%murDt x_^t\_*zw%m_wq*rxt\t_^q¤m_^ xzw\Z cumoZrxslm
q*ilq£ _^k^§)gjsqZk}mzosq¤moszwx£ \zrxN_*zom}i"q*wtV¦_7_«l\£ rxumo_p"morrx¦lmwu tu ]\zor%©D_^"£ r%B_^z¨¦Nrxs\t\k¨rDt
γ1
§
° umoZrxslm£rTkok{r¬D_*t\_^zwx£um}ix¡Twtjia©D_*zomo_*«7u tkosqZ-xzwZkGmZw%m.Zwxk.w%m.£_pwxknm{rxt\_Kt\_*u xZj¦Nrxs\z
u ∈ V1]asknme¦N_wzomerx.w]ut\u ](s] knu *_lrD]7u twmou t\ko_mp§(YZ\_tjs\](¦N_*z)rxBknsqZ©x_^znmu q*_^keuvkKzo_pquvkn_^£i
t−|V1|−|I |
cZ\_^zo_ |I | uvkmoZ\_tjs\](¦N_*zGrx©x_^znmu q*_^k moZw%mGZwX©x_.t\ret\_*u xZj¦Nrxs\zu t V1 §YZ\_cq^wzlutw£ u­m}irx
I
q*wxt-¦_¨_^knmou ]wmo_p-ut-¦NrmZ·]rll_*£vkQ©juvw)_*umoZ\_^zBw]-wzomou t\Tw£ _wzxs\]_*tTm{kou]u £ wxzGmormoZ\rTkn_skn_p
u t\z_*©jurDskko_^qmou rxtk)rDzmoZ\zrxsxZVmoZ\_-m_^qZ\tuTs\_-_*«j£rDu­m_^²ut : b;{morL_^knmou ]-w%m_ |Vi| §YZ\_·£ r%B_^z¦Nrxst\ku t"Yw¦£_OCe®rxz
m = 1
qrx]_)®zrx]/mZ\uvkwzxs\]_^tDmp§
°²__^tmoZ\uvk)gj_^qmou rxtLz_*Nrxzomou t\-rxtLkorx]_(kou]\£ __*]\u zu q^w£¬z_^kos\£mkcZu qZLZ\_^£Lslm¨mZ\_]-w%mZ\_¥
]-wmouvq*w£wtwx£ilkou kN_*zo®rxz]_^knr)ÇwxzQu tDmrqrDtDm_«jm^§  m{uvkQ._*£ £\¶jt\r%ctB: .;moZw%m{]u t\u]as\] knu *_lrD]u­¥
tw%mou t\)kn_*mkGq^wt7¦_.®rxst(_E·qu _*tTmo£ iu t(mzo_^_^k^§ °²_u]\£ _*]_*tTm_^-`Brjq¶%wXijt\_._mQw£& kwx£Drxzu­mZ\] wt
m_^knmo_pumkcN_*zo®rxz]-wtq*_x§>_\rDzclu 9_*z_*tTm©%w£ s\_pkr
t
¡B_)z_*N_^w%m_^l£ i-zwtmoZ\_)m}.raDzwx\Z\zorlq*_^kkn_pk
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Yw¦\£ _aXHQ]= ©x_*zwD_¨©%w£ s\_pkrx¦lmwu t\_^r%©x_^z*CpxD(_*«jN_*zu ]7_^tTmk.®rxzc_pwxqZ©%w£ s\_)r
t
§
t γ1(G
R
1,t)/t γ1(G
C
1,t)/tC^DxD 5 XTl§ DN5 xKX5\§WCp 
DxD <Xbx\§ 5 NbNb j§ 5x4C
5xDxD CNCXK5N5§ Rb bRbDx\§ÑKbNb
XDDxD CXTNbx§ 5RbKX CRC l§WCx
DxD Ccb x\§ XRXRb CcX CX§  K5
. . .C^DxDx 5 XTCD§ xN5HCp xKXjX§ÑCp
s·moramou ]_
t
¡\wt·moZ\_^twx\\£ u_p-moZ_KrDlmou ]-w£¢w£ xrDzoumoZ\] ]_*tTmurDt\_^w¦Nr%©x_D§Yw¦\£ _*X(z_*NrxzomkBmoZ\_
wX©D_*zwD_Q©%w£ s\_^k._rx¦lmwu t\_^¢§YZ\_£ _^wxknmQkTswxzo_w\zorX«lu ]-w%mou rxt(£u t\_^kr%©D_*zmoZ_B®s££ko_mGrx9\wmwKB_
q*rx£ £_pq¤m_^wz_?;qrj_"E·qu _*tTmkzorDs\tl_p·mramZ\_knu«jmoZLl_pqu ]wx£¢\£vwxq_<A
y = 0.374509x− 0.214185 ®rDzmZ\_zwtlrD]xzwZq^wxko_x¡wxt
y = 0.294294x+ 0.32284
®rxzmoZ\_\szo_q*rxjiq*wDkn_D§{YZ\_pkn_z_^kos\£mk
u tluvq*wmo_mZw%mrDs\zw£ xrDzoumoZ\]-kwxzo_-w¦£_7morLD_m¦N_momo_*zazo_pkns£­mke®rxzxzwZk)x_^t\_*zw%m_^²wxq*q*rxzlu t\
mr~mZ\_\szo_qrxji²\zrjq*_^kk ?
αCup = 0.3333
AKmoZwxt ®rDz(xzwZkD_*t\_^zwmo_^¦jiVmoZ\_rmZ\_*za\zrjq*_^kk
?
αRup = 0.5
A¤§7°²_7£ _^wX©D_mZ\_7µtlu t\"r.u]\zr%©x_p~w£ xrDzoumoZ\]-ke_^koN_^quvw£ £ iLutVmoZ\_zwt\rx] xzwZ
zorlq_pkokerDzut\_*_^²¦N_momo_*z(£r%._*z)¦Nrxs\tkut_^u­mZ\_*z]rll_^£ kwDkwt²utTm_*z_^knmou t\"rxN_*t\zrx¦\£ _*]'rx
mZ\uvkcBrDzo¶9§

c$%c98.c
:^C;(§=¨£rDt¬¡ §U§¢gjN_*tq*_*zp¡9wxt"y§ ){zTk*§ H  1R-3N-  )IM  4.%§ DrxZtL° u£ _*i/gjrxtk*¡
CpxTl§
: ;
	§ =£ *rDs\¦\u=¡Gy§ §?°wt?¡Qwt ba§V_\zu_pl_*zp§dL_pkokwD_¥´rxlmu]-wx£{qrDt\t\_^qmo_p lrx]u tw%mutkn_*mk
u t>]rD¦\u£ _wxªZrjqt\_m}.rxz¶lk*§  t01cM  ? 1G    PSK a& $2
 @N-^ 
 Y HcM "% K  ]$2%x¡\\ Cp  CpKX¡TDD\§
: 5K; =(§ .wxzwx¦xkouDwxt§=¨£¦N_*zom^§ )Q]_*zx_^tq_Brkq*wx£u t\u t(zwt\rx]¯t\_m}.rxz¶lk*§H&(MI"(Mh*¡xKbD4QÑD
4Cp\¡ C^xD\§
: XN; )¨§=(§B_^tl_^z.wxt )§l§\`.wtlµ_*£v¢§?YZ\_)wxkoij]7\mormu qtTs](¦N_*z.r?£vw¦N_*£ _^-Dzwx\Zk{cu­mZxu ©x_^t
\_*xz_*_ko_Ts\_^tq_pk*§   ¬¡P= XHQÑD5x l¡4C^ b§
: ; e§ .rD££ rx¦Dk*¡ba§curDzwt¬¡ §gjN_*tq*_*zp¡wt +7§NY?skotDlix§QYZ\_\_*xz_*_ko_Ts\_^tq_rxwkq*w£ _¥
®z_*_zwtlrx]/Dzwx\Zzorlq_pkok^§ *&¡ Ccb4QÑ \x¡DD4CD§
: K; =(§ .zorll_^z^¡%§	)s\]-wzp¡_.§d~wDZ\rxs\£=¡Xy§wDZwX©%wt¬¡g9§%w|nwxrDw£vwt?¡p§gTmw%mw\¡K=§%Y rx]¶jutk*¡
wxt §l° u _*t_*zp§ +ezwx\Zknmozsqmos\z_)utmoZ_B_^¦¬§  t01cM  G d+f+ +¡lB5Dx5Dx\¡jxD\§
ÿÕ¬ÿÉü
 
	

  !"$#%'&()*,+.-'/01324 D
: <; )¨§¢`Brlq¶%wXijt\_x¡g¢§ +erjrll]-wt¬¡Nwt~g¢§PU_pl_mt\u _*]u;§D= £u t\_^wxzKwx£Drxzu­mZ\]/®rxz¨moZ\_alrx]u tw%murDt
tjs\]a¦_^zrwamoz_*_x§  ] ¡HXHQ XHC XNX¡PCp \§
: bK;(`K§?`BrjrxN_*zp§YZ\_wx_7knN_^q*u­µNqal_^xz_*_7lu knmozu ¦\slmou rxtVrQ._*¦l¥´xzwZk*§gjs\¦]7umnm_^mor~`Brx]a¦\u­¥
tw%morDzouvq*ky{zorD¦w¦\u £ u­m}i·wxt~`Brx]\slmut\¡DDl§
: K;(`K§9`BrTrD_^zwt =§P_\zu_^*_x§]=¯D_*t\_^zwx£¢]7rll_^£¢rB_^¦Dzwx\Zk^§a&)¡DQ 54CRC 5R5D\¡DDN5\§
:WC^K;e°§ 	 sq¶j.rxzomoZ"wtd §9u­mr§{gjwxzko_eZTijN_*zqs\¦N_T5%¥Økowt\t_*zk*§ #$ L¡JCpN54QÑKbD\D\¡DDx§
:WCNC;g¢§ )Quvl_*tj¦N_*t\D§cbKt£u t\_lrD]7u twmou t\·kn_*mKwt©%wxzouvw%murDtkrxt"z_^knmozu qmo_^xzwZ"q*£ wDkoko_^k^§{Y _^qZl¥
tu q^w£?c_^rDznmD5Rbx\¡ 	 _*wxznm]_*tTmrQ`Brx]\slm_*z¨glq*u_^tq_D¡){YeU\zuvqZ¬¡DDl§
:WCp; (§H_\_^uD_x§]=¯mZ\zo_pknZrx£vrx
lnn
®rDzw\\zrX«lu]-wmou t\ako_m¨q*r%©x_*zp§   L¡XT4Q R5KX jDDl¡PC^xRb\§
:WCc5K;)d §N§ +)wz_*iwt 	 §9g¢§  DrxZ\tkorxt?§cgjmozrxt\%¨yG¥}`BrD]\£_*mo_^t\_^kkz_^kos\£mkcQ.dLrxmou ©%w%mou rxt?¡_«\wx]a¥
£_pk*¡wxtu ]\£uvq*wmou rxtk^§ KK ! H*3cMI%I*!"  ]$2%  RMh%¡TD4?I5AQ XDD
xNb¡ C^ Kb\§
:WCXN;a_.§ U¨wxzwxzoiwtY)§°§(U¨wXijt\_pk*§ 	 rxs¦\£_7lrx]u tw%murDt~u t~xzw\Zk*§*
3  ]K[-  ¡?x4Q x4C \C.5\¡
xxD\§
:WCp;)Y)§G°§]UKwXijt\_^k^¡Bg9§QY)§]U¨_^l_*mot\u _*]u=¡.wxt y§  §Qgj£ wmo_^z^¡Q_plumorxzk^§f# K (%Id`/01324 ;

(M3h Ph2IM"¤§{d~wxzq*_*£ 	 _^¶j¶x_*zp¡ C^DNb§
:WC^K;)Y)§°§>U¨wXijt\_pk*¡Qg9§GY)§ U_pl_mt\u_^]u;¡.wt y§  §gj£vw%m_*zp§   RO"PSK 9 ![#%I 
/01324§Bd~wzq_^£ 	 _^¶T¶D_*zp¡ C^DNb\§
:WC<;+7§ ¥LU§ 	)ut\wxt°§ ¥ +7§jY?^_*t\§¢bKt\¥=£ ut_¨w£ xrDzoumoZ\]-k®rDzGmoZ_KlrD]7u twmou t\(ko_m{\zrx¦£_^]§   ¡
HCNQWCNC  CX¡PCpx j§
:WCcbK;)§	)£ wDknu t\wtL`K§?w®rxz_^knm^§ U¨wxzlt_^kkzo_pkns\£mkwxt"w\\zrX«lu]-wmou rxtwx£Drxzu­mZ\]-kBrx
k
¥=mos\£_
\rx]utw%mou rxtu tDzwx\Zk^§  ] G¡HbxHQ x bR5\¡jxNX§
:WC^K;)§	)s]wxz^¡y§wDZwX©%wt¬¡Qg9§w%|nwxxrDw£vwt¬¡ 	 §Qgju ©%w¶js\]-wzp¡>=§Y?rD]¶Tu tk^¡Qwt )§ lÇwx£;§
YZ_B_^¦wDkcwaDzwx\Z¬§  t  1.M J   & $2
>#T&¡l C  C^¡\xD\§
:ÑK;)d § ¬_^©x_*t_)wxt§\° Z\_^_*£vlrxt¬§G°²_*¦Llijtwx]u q^k*§ &( !3)K1   .M¡4Q 5HC 5Nb\¡lD4CD§
:ÑC;`K§ ¥}g9§ ¬uvwr-wxt +7§  §`BZwxt\§¶T¥=mos\\£ _lrD]7u twmou rxtut"xzwZk*§   ¡Hb Q XT \¡TDN5§
:Ñx;  §¢gTmr|}]_*t\r%©juvq¡Nd §9gl_^\lu xZ?¡Nwxt §Ns\t\uvq§ 	 rx]u tw%mutko_mkKwt"t_*u xZj¦rDz_*£ u ]7u twmou rxtl¥
¦wxko_^ ¦\zrDwD\q*wDk}mut"wx£Drxzu­mZ\]-ku t cu zo_^£_pkok(t\_m}.rxz¶lk*§ 	

 1K4  eK1W"$KB#T  
& <S¤¡JC.54QWCX lx\¡TxxD\§
:ÑK5K; 	 § §D°²wmnmkBwxtg9§U§lgTmozrxTw%mx§?`Brx£ £_pq¤mu©D_¨lijtw]uvq*k{r  kn]-w£ £¥=.rxz£  t\_m}.rxz¶lk*§  %1¡
5DN5P?XA"Q XRXDXNXjl¡  Ds\t\_OCpxRb\§
Õ Õ
Úk **¤á
x   ]c324
	 ^3gS
:ÑXN; e§° u_^£ wxtLwtZ=(§y§ +erj\¦rD£_D§bKt"mZ\_(lrD]utwmou rxtLtjs\]a¦_^z¨rGw-zwt\rx] Dzwx\Z¬§  ^3M 
   ]O-  ¡PbHQ D5 l¡D4Cx§
:Ñx; (§`K§Q°²rxz]-w£v¢§ªYZ\_~lu9_*z_*tTmouvw£c_ Dsw%mou rxt ]_mZ\rl ®rxz-zwtlrD] xzwZ \zrlq_pkoko_^kwt
Dzo_^_^liew£ xrDzoumoZ\]-k^§  td §	wzrkn¶ju%wtaU(§ §yQzx]_*£=¡X_^lumorDzk^¡< 3M"%1"]K 2N2(1 RO%I
K $KNK :9.3 
 RK¤¡wx_pk 5(CpDl§TyQ° ¡\°wzkwX¡CpxD\§
:ÑK;)d § 9u­mr§*+ez_*_pli-w£ xrxzumoZ\]-kG®rDzB]u t\u ]7uvkw%mou rxt\zorD¦\£ _*]-k{u t·zwt\rx] zo_^xs\£vwzBxzw\Zk*§  1.M
G   &4)¡l\~xKX\K5x¡*e`g"Cp4Cx§\gjzou t\x_^zn¥ PG_*z£vw¡lD4CD§
ÿÕ¬ÿÉü
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
